The lifting of horizontally curved beams (or almost-straight beams with an imperfection in shape) is considered, with application in the construction of bridges. A circularly curved beam that is suspended at two symmetric locations by vertical or inclined cables is analyzed. The cross section of the beam is assumed to be doubly symmetric, the material is assumed to be linearly elastic, the crosssectional dimensions are assumed to be small relative to the radius of curvature, and the deformations are assumed to be small. Both uniform (St. Venant) torsion and inclusion of nonuniform (warping) torsion are treated. Analytical equations are derived for the overall roll angle of the beam, the internal forces and moments, the weak-axis and strong-axis deflections, and the cross-sectional angle of twist. The behavior depends crucially on the locations of the lift points.
For small α (i.e., large radius of curvature), that is, if R > 2L, one can use the approximations
If the center of gravity of the whole beam does not lie in the vertical plane that includes the roll axis, and if the beam were rigid, then the beam would exhibit a rigid body rotation about the roll axis until its center of gravity would lie in that vertical plane, and the roll angle (tilt; angle of rotation) β rigid would be found by tanβ rigid = e/H with e given in Eq.
(1) . However, the beam deforms due to its self-weight, which changes the values of e (Mast 1989; Stratford and Burgoyne 2000) and H. Assuming that the deformations are relatively small, the modified values of e and H are given respectively by ( )
where dx = Rdθ. The integral term involving V is assumed to be negligible compared to H, and then it is found after integration that the roll angle β is determined from the equation 
The weak-axis deflection W depends on β, so that W must be determined before Eq. (4) can be solved for β. The longitudinal x axis almost lies in a plane which has angle β with the horizontal, as it is slightly curved in the deformed equilibrium position because of weak-axis and strong-axis deflections. The positive sense for β is opposite to that for φ at the center of the beam.
Approximate equations for the roll angle β are presented in Mast (1989) . They are based on the deflection of a straight beam. The first approximation, β 1 , is given by the solution of ( ) 
When the roll angle is small, one can use the approximation β 2 given explicitly by 
The quantity z 0 represents the lateral deflection of the center of gravity of a straight beam with the selfweight applied laterally (Mast 1989 ).
The approximate roll angles β 1 and β 2 computed from Eqs. (5) and (8), respectively, tend to be very close to the value of β from Eq. (4) if the cables are vertical. However, they are sometimes significantly smaller in magnitude if the cables are inclined (i.e., if ψ > 0). (Mast (1989) mentioned using a factor of safety with z 0 for inclined cables, but some values of the factor of safety improve the accuracy while others make it worse, depending on the particular problem.)
It is noted that the total rotation of the cross section (in its plane) at location θ is βcosθ -φ(θ).
Therefore the total rotation at midspan is β -φ(0), and at the ends it is βcosα -φ(α). Also, at the lift point θ = γ, due to the types of rigid support conditions being considered, the deformations V, W, and φ are zero, so that the only rotation of the cross section at the lift point is that associated with the roll angle β,
i.e., βcosγ.
In the rotated configuration, the components of the self-weight q parallel to the x, y, and z axes, respectively, are sin sin 
The total weight of the beam is qL, i.e., 2qRα. At the lift point θ = γ, the components of the lift force parallel to the x, y, and z axes, respectively, are 
and the moments applied to the beam are
The superscript "*" denotes that the forces and moments in Eqs. (10) and (11) are concentrated at the lift points.
Equilibrium of forces leads to the equations
and equilibrium of moments furnishes (Dabrowski 1960; Vlasov 1961 ).
The equations relating the forces and moments to the displacements are linear in the displacements (Heins 1975 1 1
where C w = 0 if warping torsion is neglected (i.e., for uniform torsion). Equations (16) and (17) are coupled in the strong-axis deflection V and the twist angle φ.
The analysis is conducted in terms of the following nondimensional quantities:
The forces, moments, and displacements are functions of θ.
In nondimensional terms, the moments applied to the beam at the lift point θ = γ are ( ) * cos sin sin tan 2
With primes denoting differentiation with respect to θ, Eqs. (12) become 1 sin sin 2
Eqs. (13) take the form
and Eqs. (14)- (17) become
Some of the following solutions of the governing boundary value problems were obtained with the use of the subroutine DSolve in Mathematica (Bahder 1995) .
Internal Forces and Moments
The results in this section are valid for uniform torsion (C w = 0) and for nonuniform torsion (C w > 0).
The quantities n x , m y , m z , v, w, and φ are symmetric about θ = 0, whereas n y , n z , m x , and u are antisymmetric about θ = 0. Therefore it is sufficient to obtain solutions for 0 ≤ θ ≤ α. The boundary
At θ = γ, the quantities jump by the amounts in (10) and (11) when put in nondimensional form (e.g., n x for θ just less than γ is equal to n x * plus n x for θ just greater than γ). 
where c 1 is defined in the Appendix of this paper, along with subsequent parameters c 2 , c 3 , ..., c 29 .
For γ < θ ≤ α (the right overhang), the forces are 
The formulas for m x and m z in Eqs. (27) require that the integral in Eq. (4) be neglected; this is needed in order to satisfy the first and third equations of Eqs. (21), the boundary conditions, and the transition conditions at θ = γ. However, this assumption is not used in the following two sections, in which m x and m z are not involved.
If the lift points are at the ends of the beam, the solutions are given by Eqs. (26) and (27) with γ = α.
The maximum magnitudes of the bending moments may be important with regard to the safety of a beam during lifting. For 0 ≤ θ ≤ α, these occur either at the midspan θ = 0 or just to one side of the lift point θ = γ. The values of the moments can be computed directly from Eqs. (27) and (29). The formulas involve the roll angle β, which will be determined in the following section.
Weak-axis Bending and Roll Angle
The nondimensional form of Eq. (4) is
Therefore the weak-axis deflection w(θ) must be determined in order to compute the roll angle β from Eq.
(30) and use it in Eqs. (26)- (29) and subsequent equations. Equation (22) is solved with the use of m y from Eqs. (27) and (29), along with the conditions wʹ′(0) = 0, w(γ) = 0, and continuity of w and wʹ′ at θ = γ. 
Using Eqs. 
The roll angle β can now be computed numerically using Eq. (30) 
The approximate roll angles β 1 and β 2 from Eqs. (5) and (8), respectively, also could be used.
After the roll angle is computed, the internal forces and moments can be determined, along with the displacements u, v, and φ. The maximum weak-axis deflection w (0) If the lift points are located at a special distance a from the ends of the beam, the beam will not roll when lifted. This distance can be computed numerically by putting the right-hand side of Eq. (34) equal to zero and using Eqs. 
Longitudinal Deflection
The longitudinal deflection u(θ) can be found by integrating Eq. (23). For 0 ≤ θ < γ, n x is given in Eq.
(26), w(θ) is given by Eq. (31), and the boundary condition at midspan is u(0) = 0. Then Eqs. (28) and (32) are used for γ < θ ≤ α, along with the condition that u(θ) is continuous at θ = γ, to get u(θ) in the overhang region. The resulting formulas are listed in . They are valid for uniform torsion (C w = 0) and for nonuniform torsion (C w > 0). In practice, the longitudinal deflection typically will not have a significant effect on the overall behavior of the beam.
Strong-axis Bending and Twist Angle for Uniform Torsion (C w = 0)
In this section, warping torsion is assumed to be negligible (i.e., C w = 0). Equations (24) and (25) are solved with λ C = 0 and with m x and m z given in Eqs. (27) and (29). The boundary conditions are vʹ′(0) = 0 due to symmetry, v(γ) = 0, and φ(γ) = 0. Also, v, vʹ′, and φ are continuous at the lift point θ = γ.
For γ ≤ θ ≤ α, it is given by ( ) 
As mentioned before, the coefficients c i are listed in the Appendix of this paper. If the lift points are at the ends of the beam, the twist angle is given by Eq. (35) 
Strong-axis Bending and Twist Angle for Nonuniform Torsion (C w > 0)
Nonuniform torsion is considered now. The general solutions of Eqs. (24) and (25) are obtained. They involve 12 coefficients, a j , b j , and e j (j = 1,2,3,4), which can be computed using the boundary conditions at θ = 0 and α, and the transition conditions at θ = γ. The equations from which these coefficients are calculated are listed in .
The general solution for the twist angle φ(θ) in the region 0 ≤ θ ≤ γ is
and in the overhang region γ ≤ θ ≤ α it is
where
The strong-axis deflection v(θ) for 0 ≤ θ ≤ γ has the form 
and for γ ≤ θ ≤ α it is given by 
At midspan (θ = 0), the boundary conditions are φʹ′ = 0 and vʹ′ = 0 due to symmetry. Horizontal eccentricity of the lift points was considered by Yegian (1956) . In Fig. 1(c) , assume that the roll axis passes through points that are a distance e s radially inward from points D and K. (If the lift points were radially outward from the xy plane, e s would be negative.) The term αe s cosγ would be added to the right sides of Eqs. (4) and (5), and (e s cosγ)/(Η-z 0 ) would be added to the right side of Eq. (8).
In Eqs. (11), e s N y * would be added to M x *, and M y * = -e s N x *. In addition, changes (not listed here) would be made to many of the subsequent equations.
Lateral wind loads were included in Stratford and Burgoyne (2000) . However, lifting is usually performed when wind loads are not significant. Camber was considered in Peart et al. (2002) . It reduces the buckling load for a straight beam, but may not have a large influence on the roll angle and deformations of a curved beam during lifting. If the width of the bottom flange of an I-beam is increased, so that the cross section is singly symmetric rather than doubly symmetric, stated that the roll angle is reduced, so that the present results should provide conservative estimates for the internal forces, moments, weak-axis deformation, and cross-sectional twist.
In some cases, the roll angle can be approximated using Eqs. (5), (8), or (34). For beams with very small curvature, some of the quantities, such as the strong-axis bending moment, can be approximated by those for the corresponding straight beam. However, the twisting moment and crosssectional twist cannot be determined from planar analysis of a straight beam.
The largest stresses and deformations for a curved beam may occur when it is lifted into place.
Therefore it is important to predict the behavior of the beam during this phase of construction. The equations derived here should be useful in this regard, even for beams that do not exactly satisfy all the assumptions of the basic problem that was analyzed (e.g., if the curvature is not exactly constant along the beam). For deep, slender-web, steel plate girders with significant curvature, the no-distortion and smalldeformation assumptions may be violated, but if the roll angle is small, the equations should be fairly accurate.
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center of curvature The variation of the weak-axis bending moment M y along the right half of the beam is shown in Fig. 3 for the base case. This bending moment is symmetric about midspan. It has its maximum value 11.6 kN-m (8.59 kip-ft) at midspan, and its minimum value -2.62 kN-m (-1.93 kip-ft) at the lift points. cm (-0.128 in.) at the ends of the beam. Fig. 7 presents the strong-axis deflection V, which is 2.15 cm (0.848 in.) at midspan and -1.32 cm (-0.518 in.) at the ends. The strong-axis deflection is about four times larger than the weak-axis deflection. Its corresponding bending stiffness is 25 times higher, but the component of the self-weight in its direction is about 100 times higher than in the weak-axis direction.
In Fig. 8 , the twist φ is depicted. Its maximum magnitude is 0.0036 o at midspan, where it has the same sense as the roll angle β. The twist exhibits a discontinuity in slope at the lift point, since the cable causes a concentrated moment to occur there and uniform torsion is assumed. In the overhang portion of the beam, since the twisting moment is very small in Fig. 7 , the twist is also very small. Its value is First, the maximum value of the weak-axis bending moment (i.e., the value at midspan, where x = 0) is plotted in Fig. 9 . It increases as the cable inclination angle increases. Tests on cracking of tilted concrete beams were conducted by Mast (1993) If a < 0.21L, so that β > 0, it may also be important to limit the tensile stress at the outer side (z = b/2) of the beam, due mainly to weak-axis bending. This stress has its maximum value at midspan, and for the base case it is approximately equal to 0.50 MPa (0.072 ksi).
Finally, for the concrete beam, lateral buckling of the corresponding straight beam was investigated using the equations in Plaut and Moen (2012) for uniform torsion. Numerical solutions were obtained using a shooting method with the subroutines NDSolve and FindRoot in Mathematica, as described in Bahder (1995) . The origin was placed at the lift point, and sets of coordinates were defined to the left and right. The transition conditions were utilized to relate the "initial conditions" for these two directions. One of the initial conditions was specified (since the buckling mode has an arbitrary magnitude), and the remaining unknown initial conditions, together with the self-weight q, were varied until the boundary conditions at midspan and the right end were satisfied with sufficient accuracy. The initial guess for q was chosen in a low range so that the numerical solution furnished the lowest buckling load (i.e., the critical load). For the cases considered in Figs. 1-10 , the corresponding straight beam did not exhibit lateral buckling, since the bending stiffnesses, torsional stiffnesses, and overhang lengths were sufficiently large. However, it was seen that if the lift points were moved very close to the ends of the beam, then the corresponding straight beam would buckle laterally, and the curved beam might have excessive deformations.
Steel I-beams (Nonuniform Torsion)
Three steel I-beams are considered, and nonuniform ( The effect of the normalized overhang length is examined in Figs. 11-19 for the range 0.1 ≤ a/L ≤ 0.35. Fig. 11 shows how the roll angle β varies with a/L. For a/L < 0.211, β is positive and the cross section tilts so that its top edge moves outward (away from the center of curvature). For large overhang lengths, it tilts in the opposite direction. The magnitude of the roll angle tends to decrease slightly as the flange width increases. However, the differences between the curves are small, since they are caused by the integral term in Eq. (4) of Plaut and Moen (2012) and that term is small due to small weak-axis deformation.
The twist angle φ at midspan is plotted in Fig. 12 . It is positive for 0.247 < a/L < 0.376 for Beam #1, 0.249 < a/L < 0.355 for Beam #2, and 0.249 < a/L < 0.350 for Beam #3. The magnitude of the midspan twist angle depends largely on the length of the beam between the two lift points (i.e., on L2a), and therefore it increases significantly as the overhang length ratio a/L becomes small. Fig. 13 depicts how the overhang length affects the twist angle at the end of the beam. The twist angle is negative for 0.263 < a/L < 0.305 for Beam #1, 0.267 < a/L < 0.293 for Beam #2, and 0.268 < a/L < 0.289 for Beam #3. For a given overhang length, as the flange width increases, the magnitudes of the midspan and end twist angles usually decrease due to the greater torsional and warping resistance.
It has been recommended that the magnitude of the total rotation (which involves the roll angle and the twist angle) be less than 1.5 o Stith et al. 2010) . With regard to possible buckling of the flange due to compression, it is important to know the magnitude of the longitudinal (normal) stress acting on the cross section. The maximum value occurs at midspan, and in general is a combination of stresses due to axial load, weak-axis bending, strong-axis bending, and warping (Seaburg and Carter 1997; . The first of these is zero here because ψ = 0. Summing the values of the maximum magnitudes of each of the other three stresses at the midspan tips of the flanges, one can write an upper bound as σ n = |σ by | + |σ bz | + |σ w |, where the stress contributions at a tip at midspan (i.e., σ by due to weak-axis bending, σ bz due to strong-axis bending, and σ w due to warping normal stresses) are as follows:
In σ by it is assumed that the longitudinal bending stress is zero at the center of gravity of the cross section and is linear with depth. These assumptions are not precisely true for curved beams (Cook and Young 1985) , but they lead to good approximations for the beams considered here.
The longitudinal stress σ by at a cross-sectional tip at midspan due to weak-axis bending is shown in Fig. 16 In Fig. 18 , the longitudinal stress σ w at a tip at midspan due to warping normal stresses is plotted.
It is zero at a/L = 0. The sum σ n of the magnitudes of these three normal stresses is depicted in Fig. 19 . It is almost zero at a/L = 0.250, and is largest for Beam #1. In the figure, the highest value of σ n is 104.7 MPa (15.2 ksi).
Lateral buckling was investigated for the case in which the vertical cables are attached at the ends of the corresponding straight beam (i.e., a/L = 0). For Beam #1 with no curvature, the critical specific weight is 94% of the specific weight of steel, so the straight beam would be unstable. For Beams #2 and #3, respectively, the critical specific weight of the corresponding straight beam is 209% and 383% of the specific weight of steel, so lateral buckling would not occur. As the lift points are moved inward from the beam ends, the critical specific weight increases, and the straight beam corresponding to Beam #1 (as well as those for Beams #2 and #3) would not buckle for the range 0.1 < a/L < 0.35 considered in Figs. 11-19.
Concluding Remarks
Numerical results for concrete beams with a narrow rectangular cross section and slight curvature were presented first (Figs. 1-10 Lateral buckling is not an issue for curved beams, but excessive deformations and stresses should be avoided. As pointed out previously by others, it is important to minimize the roll of a curved beam when it is lifted during construction. For the symmetric, uniform beams considered in this paper, the distance of the two lift points from the near end of the beam should usually be as close as possible to 0.21 times the length of the beam Plaut and Moen 2012) . It is also important that the St. Venant torsional constant and the weak-axis moment of inertia not be too small, so that the weak-axis deflections and cross-sectional twist are not too large. It is convenient to denote the twist angle in Eq. (39) as φ 1 (θ), the twist angle in Eq. (40) as φ 2 (θ), the strong-axis deflection in Eq. (42) as v 1 (θ), and the strong-axis deflection in Eq. (43) as v 2 (θ). That is, the subscript 1 refers to the region 0 ≤ θ ≤ γ and the subscript 2 refers to the region γ ≤ θ ≤ α.
CAPTIONS FOR FIGURES
As mentioned in the text, the coefficients a j , b j , and e j (j = 1,2,3,4) in Eqs. (39), (40), (42), and (43) are determined numerically using boundary and transition conditions. These conditions may be written as 
